In this paper, we establish some new Ostrowski-Grüss type inequalities involving multiple interior points with the first-order derivative bounded by functions instead of constants, some of which provide sharp bounds. Then we establish a new 2D Ostrowski-Grüss type inequality involving multiple interior points with the second mixed partial derivative bounded by functions. For illustrating the applications of the Ostrowski-Grüss type inequalities established, we apply them to derive error bounds for some numerical integration formulae. MSC: 26D10; 26D20
Introduction
As is known, the Ostrowski-type inequality [] can be used to estimate the absolute deviation of a function from its integral mean, while the Grüss inequality [] can be used to estimate the absolute deviation of the integral of the product of two functions from the product of their respective integral. Recently, various generalizations of the Ostrowski inequality and the Grüss inequality have been established (for example, see [-] and the references therein). These inequalities can be used to provide explicit error bounds for numerical quadrature formulae such as the Simpson quadrature formula, trapezoid quadrature formula and so on. Among the generalizations, many Ostrowski-Grüss type inequalities have been established [-]. Now we list some important results in the literature.
In [], Dragomir et al. presented an Ostrowski-Grüss type inequality for the first time as follows:
for all x ∈ [a, b], where γ , are two constants such that γ ≤ f (t) ≤ , t ∈ [a, b].
In [] , under the same conditions as above, Matić et al. improved the above result to the following form: 
This inequality is sharp in the sense that the constant   cannot be replaced by a smaller one.
In [], Feng et al. further generalized the inequalities above, and presented a sharp Ostrowski-Grüss type inequality involving multiple interior points as follows:
where
and γ , are defined as before. We notice that little attention is paid to the Ostrowski-Grüss type inequalities involving multiple interior points with f (t) bounded by functions instead of constants so far in the literature. So, in this paper, motivated by the above works, we extend the Ostrowski-Grüss type inequalities to the case involving multiple interior points with the bounds of f (t) shown as γ (t) ≤ f (t) ≤ (t), t ∈ [a, b]. Some bounds will be derived based on the inequalities, and some of the bounds are sharp. A new D Ostrowski-Grüss type inequality will also be derived with the bounds of
We also present some applications for the Ostrowski-Grüss type inequalities established, in which new error bounds for some numerical integration formulae are derived.
Main results
() http://www.journalofinequalitiesandapplications.com/content/2013/1/456
Theorem . Under the conditions of Lemma ., if there exist two functions γ (t), (t)
, then the following inequality holds:
Combining ()-() and Lemma ., we obtain the desired result. 
Corollary . Under the conditions of Lemma
Then, combining () and (), we get the desired inequality ().
Next we present a sharp Ostrowski-Grüss type inequality containing multiple interior points with f (t) bounded by functions as follows.
Theorem . Under the conditions of Lemma ., if there exist two functions γ (t), (t)
, then we have the following inequality: 
Combining () and (), we obtain the desired inequality ().
To prove the sharpness of (), we take
, and
where σ  , σ  are two constants with σ  < σ  . Then one can see
and
() http://www.journalofinequalitiesandapplications.com/content/2013/1/456
So, in fact, γ (t) ≡ σ  , (t) ≡ σ  . According to the left-side hand of (), we have
while according to the right-side hand of (), we also have
So, () holds in the equality form, which confirms the proof. 
Corollary . Under the conditions of Lemma
, then Corollary . becomes the trapezoid-type inequality, which provides error bound for the trapezoid quadrature formula in calculating 
. http://www.journalofinequalitiesandapplications.com/content/2013/1/456
, t  = b, then Corollary . becomes the following Simpson-type inequality, which provides better bound than the corresponding result in [] (the constant on the right-side hand of the inequality is   therein).
where In the following, we extend the result in Theorem . to D case, in which
∂x ∂y is bounded by two functions.
Theorem . Let f : [a, b] × [c, d] → R be an absolutely continuous function such that the second-order mixed partial derivative exists and there exist two functions
On the other hand, we have
Combining ()-(), we get the desired inequality (). 
Proof In fact, in () we have γ (x, y) = W  , (x, y) = W  . Furthermore, we have the following observation:
Combining () and (), we obtain the desired result. 
Applications to numerical quadrature formulae
In this section, we present some applications of the results established above, and derive error bounds for some numerical quadrature formulae.
Example  Let G(f , I h ) be a numerical quadrature formula for b a f (t) dt, and denote
. . , n -, and , t  = T i+ , we obtain that
Furthermore, 
